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Abstract 

We consider trivializations of second iterated bundles of a Lie group that 
preserve lifted group structures. With such a trivialization, we elaborate 
Hamiltonian dynamics on cotangent, Lagrangian dynamics on tangent bun¬ 
dles and, both Hamiltonian and Lagrangian dynamics on Tulczyjew’s sym- 
plectic space which is tangent of cotangent bundle of Lie group. We present 
all possible Poisson, symplectic and Lagrangian reductions of spaces and 
corresponding dynamics on them. In particular, reduction of Lagrangian 
dynamics on second iterated tangent bundle includes reduction of dynamics 
on second order tangent bundle. 
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1 Introduction 

One observes that, the form of equations governing dynamics on Lie groups de¬ 
pends on the kind of trivializations adapted on iterated bundles [7, 8, 13, 25]. Ad- 
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ditional terms in these equations may or may not appear depending on whether 
trivialization preserves semidirect product and group structures or not. If one 
preserves the group structures, canonical embeddings of factors involving trivi- 
alization defines subgroups of iterated bundles and reduction of dynamics with 
these subgroups becomes possible. 

Based on exhaustive investigation of trivializations in our previous work [11], 
we shall present all reductions of dynamics on iterated bundles of a Lie group 
with the convenient trivialization of the first kind. In trivialization of the first 
kind, we identify tangent TG and cotangent T*G bundles with their semidirect 
product trivializations G©g and G(S)g*, respectively. Then, we trivialize the 
iterated bundles T (G(S)g) , T (G©g*) , T* (G©g) and T* (G©g*) by considering 
them as tangent and cotangent groups of semidirect products and express them 
as semidirect products of base group with its Lie algebra and dual of Lie algebra, 
respectively. As an example, we obtain 

1 TT*G ~ T (GW) - (G©g*) ©Lie (GW) - (<W) ® (gW) (1) 

for which, the trivialization maps preserve lifted group structures thereby mak¬ 
ing possible various reductions of dynamics. On the other hand, in trivialization 
of the second kind, one distributes functors T and T* to G©g and G©g*, ob¬ 
tains products of first order bundles and then, trivializes each factor involving the 
products. This results in, for example, 

2 TT*G ~ T (GW) TG©Tg* ~ (G®g) © (g* x g*) (2) 

for which distributions of functors mix up orders of fibrations, and do not preserve 
group structures [11]. 

1.1 Content of the work 

In this work, Hamiltonian and Lagrangian dynamics on iterated bundles and 
their reductions will be studied under trivializations of the first kind. We shall 
present Hamiltonian dynamics on trivialized Tulczyjew’s symplectic space 1 TT*G, 
trivialized cotangent spaces 1 T*TG and 1 J'*T*G and perform all possible Poisson 
and symplectic reductions. Lagrangian dynamics on l TTG and l TT*G will be 
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presented with all possible Lagrangian reductions including reduction to second 
order dynamics on T 2 G. 

Next section will start with trivialized dynamics on the first order bundles 
G(S)g and G(S)g*. Trivialized Euler-Lagrange equations for a Lagrangian density 
L = L (g, £) on G(§)g will be derived. When the Lagrangian L does not depend on 
the base variable g, that is L — l (£), trivialized Euler-Lagrange equations reduce 
to Euler-Poincare equations on the Lie algebra g. A Hamiltonian function(al) H 
on G(S)g* will determine trivialized Hamilton’s equations. When the Hamiltonian 
H depends only on fiber variables, that is H — h(g), trivialized Hamilton’s 
equations reduce to a set of equations equivalent to Lie-Poisson equations on the 
dual space g*. 

In the third section, we shall derive trivialized Euler-Lagrange equations on 
l TTG and Euler-Poincare equations on g(s)g. The immersion T 2 G —» TTG will 
lead us to define trivialized second order Euler-Lagrange equations on G( s) (g x g) 
and second order Euler-Poincare equations on 2g. 

In section four, Hamiltonian dynamics on L T*TG will be studied. The group 
multiplication, symplectic two-form, and Hamilton’s equations on l T*TG will 
be written. The Poisson reduced space g(D (g* x g*) by action of G on 1 T*TG 
and dynamics on its symplectic leaves 0\ xgxg* will be presented. Lie-Poisson 
structure, which is different from product Poisson structure on g* x g* and its 
symplectic leaves resulted from via symplectic reduction by action of G(s)g on 
l T*TG will be written. 

Section five describes dynamics on l T*T*G and its reductions. Hamilton’s 
equations on g*(s) (g* x g) and its symplectic leaves 0\ x g x g* will be derived. 
Lie-Poisson structures on g x g*, and its symplectic leaves will be obtained via 
symplectic reduction by the action of G(S)g* on L T*T*G. 

In the sixth section, we shall study dynamics on tangent bundle 1 TT*G en¬ 
dowed with Tulczyjew’s symplectic structure. l TT*G carries an exact symplectic 
two-form H i tt*g with two potential one-forms 6\ and 0 2 which enable us to de¬ 
scribe Hamiltonian dynamics on l TT*G. We shall define two embeddings of G(s)g* 
into L TT*G, one of which is symplectic and the other is Lagrangian. This will 
lead us to present embedding of Lie-Poisson dynamics on g* x g into Hamiltonian 
dynamics on l TT*G. As it is a tangent bundle, we shall derive trivialized Euler- 
Lagrange equations on l TT*G. Euler-Poincare equations on the Lie algebra gxg* 
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of the cotangent group G(S)g* will be computed and embedding of this dynamics 
into trivialized Euler-Lagrange equations on 1 TT*G will also be established. 

1.2 Notations 

G is a Lie group and, g = Lie ( G ) ~ T e G is its Lie algebra. The dual of g is 
g* = Lie* (G). Throughout the work, we shall adapt the letters 

g,h e G, £,77,Ceg, n,u, A g g* (3) 

as elements of the spaces shown. For a tensor field which is either right or left 
invariant, we shall use V g G T g G, a g G T*G, etc... We shall denote left and right 
multiplications on G by L g and R g , respectively. The right inner automorphism 

4 = V 1 ° R g ( 4 ) 

is a right representation of G on G satisfying I g o I h = I hg . The right adjoint 
action Ad g = T e I g of G on g is defined as the tangent map of I g at the identity 
e G G. The infinitesimal right adjoint representation ad^g is [£, rj\ and is defined 
as derivative of Ad g over the identity. A right invariant vector field X? generated 
by f G g is 

Xf (g) = T e R g ^. (5) 

The identity 

[i,ri\=[Xt,X°] JL ( 6 ) 

defines the isomorphism between g and the space X R (G) of right invariant vector 
fields endowed with the Jacobi-Lie bracket. The coadjoint action Ad* of G on the 
dual g* of the Lie algebra g is a right representation and is the linear algebraic 
dual of Ad g - 1, namely, 

(Ad* gf i,S) = (n,Ad g - if) (7) 

holds for all ( G g and /i G g*. The infinitesimal coadjoint action ad of g on g* 
is the linear algebraic dual of ad £. Note that, the inhnitesimal generator of the 
coadjoint action Ad* is minus the infinitesimal coadjoint action ad|, that is, if 
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g t C G is a curve passing through the identity in the direction of £ e g, then 


d_ 

dt 


Ad* t fx 

t =o 


ad^/i. 


( 8 ) 


In the diagrams of this work, EL and EP will abbriviate Euler-Lagrange and 
Euler-Poincare equations, respectively, whereas P.R., S.R., L.R. and EP.R. will 
denote Poisson, symplectic, Lagrangian and Euler-Poincare reductions. 
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2 Dynamics on the First Order Bundles 

2.1 Lagrangian dynamics on tangent group 

The group structure on a Lie group G can be lifted to its tangent bundle TG. 
The right trivialization 

t' r TG '■ TG —> G(§)g : V g —> (g,T g R g -iV g ) , (9) 

is both a diffeomorphism and a group isomorphism from TG to the semidirect 
product group G(Dg with multiplication 


(s,0(M) = (gh,£ + Adg-ig), (10) 

where (g, £), {h,g) G G(Dg [11, 14, 17, 25, 28, 29]. For a Lagrangian density L on 
TG, there is a unique function L on G(s)fl defined by the identity L o trf( G = L. 
We will compute the variation of the action integral 

s L L(u)it= l ((f’^) 5 + (l’^).) dt (u) 

by applying Hamilton’s principle to the variations of the base (group) component 
and the reduced variational principle 


i i = i + E, >?] 


( 12 ) 


to variations of the fiber (Lie algebra) component of L. For the reduced variational 
principle we refer to [5, 12, 22] and for the Lagrangian dynamics on semidirect 
products to [4, 6, 16, 32], For the following result see also [3, 7, 8, 10, 12]. 

Proposition A Lagrangian density L on the product bundle G {§)g for the extremal 
values of action integral in Eq. (11) defines the trivialized Euler-Lagrange dynamics 


d 5L 
dt 


5L 


5L 


T e R ^ + ad l^ 


(13) 
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Proof Using the reduced variational principle in Eq.(12) we compute 


L{g,t)dt= I I < + 


dt 


' S -^,Sg) +( S -^,ri+lZ,vl 


Sg 


= 




dt 


5l 

¥ 

5L 

¥ 


+ 


SL \ / d 51 5l 

Ss ) g + ad e~' , > 


,T g Rg-i5g 


5L 


Sg 

a na 


+ l {^' S3 ), + { ad ’^~ 


dt 5f /e 

5L d 6L 
dt 5f 


dt 

,T g R g -i5g) dt 




+ 




and the conclusion follows from requirement that arbitrary variation 5g vanishes 
on the boundaries. 

When L(g,f) = 1(f) is independent of the group variable g, that is, when 
the Lagrangian is right invariant L = L o tr^ G , the trivialized Euler-Lagrange 
equations (13) reduce to the Euler-Poincare equations 


d 5L _ 5L 

JtJf ~ a ^Jf 


on g. 


(14) 


2.2 Hamiltonian dynamics on cotangent group 

The group structure on G can be lifted to its cotangent bundle T*G with the 
multiplication 

(g,u) (h,is) = (gh, g + Ad* g -iv) , (15) 

by requiring that the right trivialization 

t r T*G • T*G —> G(s)0* : a g ( g,TfR g ocg ) (16) 

is a group isomorphism [2], By pulling back the canonical one-form 9t*g and 
the symplectic two-form Qt*g on T*G with the trivialization map tr^* G , G(§)q* 
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becomes a symplectic manifold carrying an exact symplectic two-form f^G©g* = 
dOc© g*- The values of the canonical one-form do © g » and the symplectic two-form 
h^G©g* 011 right invariant vector fields are 

(wwgf)to© = ©0 (17) 

(si = M)-(A,0+ ©[©,]}, (is) 

where a right invariant vector held generated by the Lie algebra element (£, u) 6 
Lie (G(§) 0 *) ~ 0 (S) 0 * takes the value 

Xf®f (g, g) — (T e R g ^, v + adf*fij 

at the point (g,g)- Let H be a Hamiltonian function on T*G and define H on 
G(s) 0 * by requiring H o tr^ G = H. For H , the Hamilton’s equations are given by 

i x G® B *flc© g * = —dH, 

H 

where the Hamiltonian vector held 

X%® 3 * (g, g) = (t ( ' e R g ad*^g - T e R* g ^j (19) 

is a right invariant vector held generated by the Lie algebra element 


(5H/Sg, —T*R g ( SH/Sg )) 6 0 © 0 *. 


Some related works on the Hamiltonian dynamics on semidirect products are 
[7, 12, 15, 27, 23, 24, 25, 2!]. 

Proposition For a Hamiltonian function H on the symplectic manifold G(§)q* , 
the trivialized Hamilton’s equations are 


dp 

dt 


(f 


dg 

dt 


ad g 

Sg 


•R 6H 

R ’X- 


( 20 ) 


We note that the second term on the right hand side of the second equation in 
Eq.(20) is due to the semidirect product structure on G(§) 0 *. For two function(al)s 


F and K on G(S)g*, the canonical Poisson bracket on G(s)g* can be expressed as 


and is non-degenerate. 


■!>* 


F 


5F SK 
5/j, ’ 5/i 


R\ 


( 21 ) 


Remark The symplectic two-form h2 G (D0* does not conserved under the group 
operation in Eqs.(15), hence G(s)g* is not a symplectic Lie group as defined in 

m 


2.2.1 Reduction by G 

The left action of G on G(S)g* is 


G x (G(S)g*) —> G( S)g* : (h; (g,/i)) ( hg, Ad* h -ip ) (22) 

with the infinitesimal generator X^'® ,(0 . If H, dehned on G(S)g*, is independent of 
g , it is right invariant under G. In this case, dropping the terms involving 5H/6g 
in Poisson bracket (21) is the Poisson reduction G(s)g* — )• G\ ( G(§)q *) ~ g*. When 
F and K are independent of the group variable g e G, that is, F — f (yu) and 
K = k (yu), we have the Lie-Poisson bracket 


{/. k ) g * 0 ) 



~8f_ 5j£ 

_5p ' 6fi\ 0 


(23) 


on the dual space G\ (G(S)g*) — g*. This is a manifestation of the fact that 
the projection G(s)g* —> g* is the momentum mapping for the cotangent lifted 
left action of G on G(S)g*. The Lie-Poisson bracket given in Eq.(23) can also be 
obtained by pulling back the non-degenerate Poisson bracket in Eq.(21) with the 
embedding g* —>■ G(s)g*. The dynamics on g* is driven by the Hamiltonian vector 
held X}-' satisfying 

Af) 

for a Hamiltonian function(al) h on g*. Using Eq.(23), this gives the explicit form 
of the Lie-Poisson equations 

fi = ad*sh/i. (24) 

8pL 
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For the symplectic leaves of this Poisson structure [31], we apply Marsden- 
Weinstein symplectic redcution theorem [20] to G(s)g* with the action of G. The 
action in Eq.(22) is symplectic inducing the momentum mapping 

JG©g* : G(s)g* —> g* : (g, /i) —> [i. (25) 

The inverse image J<5® 0 * (/i) C G(s)g* of a regular value consists of two- 

tuples (g,/u) for g e G and fixed /i e g*. Hence, we may identify . (/x) with 
the group G. If is the isotropy group of coadjoint action, then the quotient 
space 

Jg©0* (aO/ = (26) 

is isomorphic to the coadjoint orbit through the point fi G g*. We denote the 
reduced symplectic two-form on O t , by H G( g g * (/i) which is the Kostant-Kirillov- 
Souriou two-form [21, 26]. The value of ^G© fl g* (/-0 on two vector fields £ fl . (/x), r) g * (/i) e 
Tf.Of, is 

( fi G©g*’ (£ 0 *>%*)) (a*) = - (/b • ( 27 ) 

_* 

Note that a Hamiltonian vector field X% for a reduced Hamiltonian h on is 
the one generating the Lie-Poisson equations (24). 


2.2.2 Reduction by G M 

The isotropy subgroup G M acts on G(s)g* as described by Eq.(22). Then, a Pois¬ 
son and a symplectic reductions of dynamics are possible. We shall study these 
reductions in detail in section four. Referring to the section 4.6 and in particular, 
to the diagram (89), we recapitulate some results. The Poisson reduction of the 
symplectic manifold G(s)g* under the action of the isotropy group G M results in 

G f A (G©g*) ~ O, x g*, 


where O t , is the coadjoint orbit through /i with Poisson bracket 

i H i K }o^ a * (Ab*') = (/b 


~5H 8K 

) + ("’ 

~8H 8K 


8K 8H 

8fi ’ 5/i 

8fi ’ 8u 


8fi ’ 8u 


Note that it is not the direct product of Lie-Poisson structures on On and g*. 
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The coadjoint action of G(s)g on the dual g* x g* of its Lie algebra is 


: O’ X o’ -> g" X o’ : ('/<- 0 -> (AcT g (y - ad\v) , AcT g v) 


( 28 ) 


The symplectic reduction of G(s)g* under the action of the isotropy subgroup G M 
results in the coadjoint orbit G( M ,y) in g* x g* through the point (yU, u) under the 
action in Eq.(28). The reduced symplectic two-form v) takes the value 


(V, 0 , {v, C) ) (/L v) = (/b [V, v]) + [V, C] - [v, C] > (29) 


on two vectors (rj, () and (fj, () in 

We summarize reductions of the symplectic space G(S)g* in the following dia¬ 
gram. 

symplectic leaf 


Poisson 

embedding 


(30) 


P.R. by^G^ ^R. by G 

G(s)g* 

RR. by G M by 

C9, ' (S;fl ’ " symplectic leaf 


symplectic 

embedding 
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3 Tangent Bundle of Tangent Group 

3.1 Trivialization and group structure 

The iterated tangent bundle TTG ~ T (G© 0 ) of the tangent group TG ~ G( S )0 
can be globally trivialized as semidirect product of G and three copies of its Lie 
algebra 0 


t r T(G®s) ■ T (G© 0 i) —>■ (G(s) 0 i) (D (02(8)03) — l TTG 

■ (V g ,V^) (g,^TR g -,V g ,V^ - [£,TR g -iV g ]) (31) 

for (V g , 6 T( 9) £ 1 ) (G(§) 0 i). The trivialization is performed by considering the 
tangent bundle T (G© 0 i) as semidirect product of the group G(s) 0 i and its Lie 
algebra 02 © 03 - Being a tangent bundle, l TTG is a Lie group with multiplication 

(3, £l,6, &) (M 1,7/2, 7 / 3 ) 

= {gh,^ +Ad g -ir)i ,^2 +Adg-ir) 2 ,^3 +Adg-ir) 3 + [Ad g -ir) 2 ,^i]). (32) 

See [30] on group structure for jet bundles over Lie groups. 

Proposition The canonical immersions of the following submanifolds 

G, 01 , 02 , 03, G(S) 01 , G© 02 , G©03, 01 x 02 , 01 X 0 3? 0 i X 0 4 , (33) 

G® (01 X 0 2 ), G{ D (01 X 0 3 ), G© (02 X 0 3 ), ( 0 ! X 0 2 ) d)03 

define subgroups of l TTG and hence, they act on 1 TTG by actions induced by the 
multiplication in Eq.(32). 

Here, the group multiplications on the vector spaces listed in (33) are vector 
additions. The group on the semidirect products G ©0 is the one given in Eq.(10). 
The group structures on G( S) (0 x 0 ) are in form 

(. 9, £, f) % V, fj) = ( gh , 6 + Ad g - 177 !, f + Ad g -ifj) , (34) 

and the group structure on ( 0 4 x 0 2 ) ©03 is 

(£n £ 2 , £ 3 ) (Vh V2, V3) = (£l + T]i,^2 + V2i f ,3 + V 3 + [V2, £ 1 ]) • (35) 
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3.2 Lagrangian Dynamics 

We consider a functional L = L(g, £ 1; £ 2 , £ 3 ) on 1 TTG and the variation 

6 I Ldt = 

of the associated action integral to obtain trivialized Euler-Lagrange equations 
on l TTG. To formulate variational principle on L TTG we proceed as follows. 
For the variation (hg,<5£i) in the first and second integrals in Eq.(36), we pull 
5 (g, £ 1 ) ~ (5g, 5£i) back from right to the identity (e, 0 ) by 

(C,Cl) = T^R^-iS^h) = (TR g -iSg, h£i - [£ 1 , TR g -iSg]^j , 

where (£, £ 1 ) e g(s)g, and obtain 

Sg = TR g £, <5£i = £i + [£r,£] 0 , 

for arbitrary choices of (£, £ 1 ). To obtain the variation (<5£ 2 , ££ 3 ) = 5 (£ 2 , £ 3 ) in the 
third and fourth integral in Eq.(36) we consider the reduced variational principle 

<5 (£ 2 , £ 3 ) = 0?2, V 3 ) + [(£ 2 , £ 3 ), (V 2 , V3)] g @ g , (37) 

on the Lie algebra g(s)g of G(s)g for arbitrary choice of ( 772 , 773 ) in g(s)g. Here, the 
Lie algebra bracket on g(Dg is 

[(£ 2 , £ 3 ), ( 772 , V3)]g© s = (ad&772, ad 6 7 73 - ad^ 2 £ 3 ). (38) 

Note that, the variational principle in Eq.(37) is the same with the one in Eq.(12) 
but this time Lie algebra elements are two-tuples and the Lie algebra bracket is 
(38). So, we have 

££2 = m + [£ 2 , 772 ] 0 , <5£ 3 = m + [£ 2 , m} g - [m ,£ 3 ] 0 • (39) 

Now, we are ready to prove the following proposition by direct calculations. 
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Proposition A Lagrangian L = L (g, £ 1 , £ 2 , £ 3 ) on l TTG generates the trivialized 
Euler-Lagrange equations 


d SL 
dt <5 £ 2 
d 5L 
dt Sf 3 


T*R, 


SL 


SL 


SL 


5L 


ad - (i — +ad ^— +ad ^— 


SL 

til 


SL_ 

Ws' 


(40) 

(41) 


It is possible to write the trivialized Euler-Lagrange equations (40) and (41) 
as a single equation by substituting the second equation to the first one. This 
gives 


d SL 
dt <5 £ 2 




f d SL SL \ 

[dislz 


*, SL 

adc — + ad 
? ££2 


* SL_ 

s ‘‘S( 3 - 


(42) 


3.3 Reductions 


We shall derive equations governing dynamics reduced by subgroups given in 
Eq.(33). When the Lagrangian is independent of the group variable L = L (£ 1 , £ 2 , £ 3 ), 
that is, right invariant under the action of G , we arrive at the equation 


d SL 
dt Sf 2 



f d SL SL \ 

[dtSls 


SL 

+ ade ——h ad 

? <5£ 2 


*SL 
b S( 3 


(43) 


on 0 id) 02 (§)fl 3 - When the Lagrangian L = L(g,£ 2 ,£ 3 ) is independent of the Lie 
algebra variable £ 1 , that is, L is right invariant under the action of 0 i, we obtain 
the equations 


d SL „ SL SL SL d SL 

-= T R„ -h ad*, -b adt —,- 

dt <5 £ 2 9 Sg 52 <5 £ 2 5 £ 3 dt <5 £ 3 


,* SL 

^Ws 


(44) 


on G(S)0 2 (S)0 3 . In case that L = L(g, £ 2 ), the trivialized Euler-Lagrange equations 
(41) on 1 TTG reduces to the trivialized Euler-Lagrange equations (13) on G(Dg. 
Further reduction of G(s)g 2 (s)0 3 by G reduces Eq.(44) to Euler-Poincare equations 
on g(s)0. 


Proposition The Euler-Poincare equations on the Lie algebra g(s )0 of the group 


G{ S)0 are 

d SL SL „ SL d SL SL 

dt 6(,_ - ad * Sh + b Sis ’ dt Sis - b Si, • 


(45) 
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for (6,6) e 0©0- 

There are several ways to arrive at this Euler-Poincare equations. The first is 
to consider l TTG as a semidirect product of the group G(S)gi and the Lie algebra 
02 © 03 , and use the reduced variational principle, as given in Eq.(39), on g(s)g 
while extremizing the action integral with density L = L (6,6)- The second way 
is to reduce the Euler-Lagrange dynamics on G(s)g 2 (s)g 3 given by Eq.(44) under 
the action of G. This is called reduction by stages in [6, 16]. Note finally, that, 
the dependence L = l (6) reduces all Lagrangian dynamics of this subsection to 
the Euler-Poincare equation (14) on g. 


3.4 Trivialized second order equations 

Under the right trivialization, the second order tangent bundle T 2 G can be written 
as a semidirect product of G and two copies of g, we denote the right trivialization 
of T 2 G by 1 T 2 G = G(§) (g x g). For the trivialized total spaces, we have the 
following canonical immersion 


1 T 2 G —> G(s)g 2 (s)g3 : —> (g,£,,f?J • (46) 


We refer to recent works [1, 7, 8, 9, 13] on the second order Lagrangian dynamics 
on Lie groups. 

Proposition On the image space of canonical immersion 1 T 2 G —> G(JDg 2 (S)03, 
the trivialized Euler-Lagrange equations (44) reduce to the trivialized second order 
Euler-Lagrange equations 


d 

dt 


ad | 


5L 


d 

dt 


5L 

¥ 


= T*R n 


SL 

~sii' 


(47) 


When the Lagrangian L = L U;,£j does not depend on the group variable, we 
arrive at the second order Euler-Poincare equations 




(48) 


on the reduced space g x g. Here, the Cartesian product g x g can be understood 
as a quotient space of the group 1 T 2 G under the acion of G. 
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Proof The choices £1 = £2 = £ and £3 = f reduce the trivialized Euler-Lagrange 
equations ( 41 ) to the set of equations 


d 5L 
dt 


5L uiL „6L 
T + ad^, 


d_d_L_ 

dt §£ 



(49) 


on the image space of the immersion in 1 TTG. To replace the last term on the 
right hand side of the first equation we proceed to compute 



d_ 

dt 

dt 2 







adf 

*dt 
d_ fSL 
dt \s£ 



(50) 


where we used the second equation. After arranging terms and substitution of the 
identity in Eq.(50), the first equation in (49) reads 


d_ 

dt 



d 5L 5L 

Jt8£ ^ 

d SL 

dt~ ad 


(b_L_d_ (5L \\ 
V¥ dt\si)j 


5L 

¥ 

SL 

¥ 

6L 

¥' 


T*Rg— + 


T*Rg— + 


T*R, 



d / 5L\ 
dt V ) 
d_ f 5L\ 

dt V¥/ 


We summarize the trivializations and reductions of this section in diagram (51) 
accompanied by Eqs.(52)-(59). 
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( 51 ) 


(G(s) 0 i) (s) (02(1)03) 
EL in (52) 


L.R. by gi \ . by G 


immersion 

G(s )(02 x 0 2 ) in Eq.(46) G(s) (g 2 x 0 3 )I \ ( 0 i x 02 )© 0 3 

( -EP.R. by G©0i 

2nd order EL in (55) EL in (54) \ EL in (53) 



„ canonical canonical T T ,- , 

EP.R. by G _ L.R. b; 

immersion immersion 



R. by gi 


02©02 

2nd order EP in (56) 


G©02 
EL in (58) 


02©03 
EP in ( 57) 


canonical Ep R by G canonical 
immersion immersion 


02 

EP in (59) 



d 5L 
dt 51; 2 


5L 


= T*R a — + ad*^ ( ——- ad* n — 


Sg 


d 5L 


5L 


dt 56 


d 5L _ f d 5L 

dt 5 £2 ^ \dt 5 £ 3 

d 5L _ „ 5L „ 5L 
= T* R + ad*— 

dt5£ 2 5g 52 5£ 2 


6 56 

5L\ 


» SL 

+ ad ti2 ^ + ad a 3 

5L 


ad h + ad & + ad & 

5L 


T*R, 


5L 


+ 

- - ad? 

dt ? 


d 


d 5L 

-= adc 

dt 46 


5L 

56 

5L 

56 

5L_ 

56 


0 = ( -f - adt 
dt ? 


5L 

5£ 

5L 

5£ 


d 

dt 

d_ 

dt 


5L 

5£ 

5L 

¥ 


d_5L_ 5L_ 

dt 56 “ 6 56 


ad. 


«3 


5L 

56’ 


5 5L 

dt 56 ~ ° 6 

d 5L 5L 

17 77-I) H3 7-h fldc 

<5g 4 


SL_ 

W3 

SL 

W2 


dSL _ SL 

Jtsi ~ ad ^ 


(52) 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 













4 Cotangent Bundle of Tangent Group 

4.1 Trivialization 

The cotangent bundle T*TG of tangent group can be identified with the cotangent 
bundle T* (G©g) of the semidirect product group G© 0 i using the trivialization in 
Eq.(9). This way, the global trivialization of T*TG ~ T* (G(S)g) can be achieved 
by trivializing T* (G©g) into the semidirect product group G©gi and the dual 
02 x q* 3 of its Lie algebra g 2 © 0 3 

ir T*(G©g) : T* (G(s) 0 i) —> (G(s) 0 i)(s )(02 x 03 ) =: ] T*TG 

: (a g , a© ->• (g, f, T*R g (a g ) + ad\a^ a£) . (60) 

This trivialization preserves the group multiplication 

(g,t,VuV2)(h,r),v 1 ,v 2 ) (61) 

= ( gh , f + Adg- 17/, IM + Ad* g - 1 + ad* Adgi v^j , / j 2 + Ad* g -iv^j 

on X T*TG from which we obtain the following subgroups. 

Proposition The canonical immersions of the following submanifolds 

G, 01 , 02 , 03 , G(S) 0 i, G© 02 , G(s) 03 , 02 x 03 , 

(0i x 03 ) © 02 , G© (01 x g*) , G© (g; x g*) (62) 

define subgroups of l T*TG and hence they act on l T*TG by actions induced from 
the multiplication in Eq.(61). 

Here, the group structure on G© 0 i is the one given by Eq.(10), that of G ©02 
and G©g)j are in Eq.(15) and, we obtain the multiplications 

(#, £,/4 (M, z') = {gh, £ + Ad g -ir}, n + Ad*-iu) (63) 

{g,fj ll ,fj l2 ){h,ui,u 2 ) = (gh, Hi + Ad* g -ivi, g, 2 + Ad* g -iv 2 ) (64) 

(£,/ii,/x 2 ) (rj, ui,u 2 ) = (£,+r],pi + isi + adlv 2 ,g 2 + V 2 ) (65) 

defining the group structures on G©(gi x g?;), G©(g 2 x g£) and (gi x 03 )© 0 2 , 
respectively. 
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4.2 Symplectic Structure 

By requiring the trivialization be a symplectic map, we define a canoni¬ 

cal one-form 9 1 t*tg an d a symplectic two-form hi 1 t*tg on the trivialized cotan¬ 
gent bundle l T*TG. To this end, we recall that a right invariant vector field 
Kl x^x 2 ) 011 l T*TG is generated by an element ( 77 , Ai, A 2 ) in the Lie algebra 
(0©0 )(D(0 * x 0 *) of l T*TG by means of the tangent lift of right translation on 
l T*TG. At a point (g, £, /i, is) in l T*TG , the value of such a right invariant vector 
field reads 


X (ZcZ%) (9, f, 9, v) = (T e R g rj, C + [f, 77 ], A, + ad* v fi + ad* ( is, \ 2 + ad*is) (66) 

which is an element of the fiber CT *TG). The values of canonical forms 

6 1 t*tg an d AI 1 t*tg 011 right invariant vector fields can then be computed to be 


(0 


1T*TG] X 


1 T*TG \ 
(77,C,Ai,A 2 )/ 


n 


1 T*TG\ 


( y 1 T*TG v 1 T*TG A 


( 9 , v)+ (",() ( 67 ) 

+ (^2,C) — (^hv) — (^2,C) 

+ (v,[v,v]) + (i', fr,C] - [ 77 , C]> - 


The musical isomorphism hl b i T * TG , induced from the symplectic two-form hi 1 t*tg> 
maps the tangent bundle T( 1 T*TG ) to the cotangent bundle T*( 1 T*TG). It takes 
the right invariant vector field in Eq.(66) to an element of the cotangent bundle 
T*gz /j, I j)(- X T*TG) with coordinates 

Vt i^tg (^ X (tix,Xu^) (fh 9-> v ) ) = (T g R g -1 (Ai — ad^X 2 ) , A 2 , —rj, —C) • 

For a Hamiltonian function(al) H on the symplectic manifold ( 1 T*TG 1 hi 1 t*tg) > 
the Hamilton’s equations read 


i x 1 T*TGhl 1 t*tg — —dH, (68) 

where the Hamiltonian vector field X^ T * TG is a right invariant vector field gener¬ 
ated by the element 


(M 8H (8H\ 

\8n’8u’ e 9 \5g) 
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of the Lie algebra (g©g) (s) (g* x g*) [1], 

Proposition Trivialized Hamilton’s equations on {fT*TG, Vt 1 t*tg) are 


dg 

dt 

tr 8h 

~ e 9 6p' 

(69) 

df 

dt 

5H , 5H 

~ ~5u + adi ~5pi’ 

(70) 

dp 

dt 

5H SH 

— —T Rn~z — — adc ———b ad SH p T adsn y 
dg s of su 

(71) 

du 

dt 

SH 

— ———b adsH v. 

Of Sp 

(72) 


Remark The Hamilton’s equations (69)-(72) have extra terms, compared to ones 
in, for example, [7, 13], coming from the semidirect product structures. Literally, 
it manifests properties of adapted trivialization. The trivialization of [7] is of the 
second kind given by Eq.(2) whereas Eq.(69)-(72) results from trivializations of 
the first kind. 

From the equations (70) and (72), we single out 5H/5v and SH/5f, respec¬ 
tively. By substituting these into Eq.(71), we obtain the system 

equivalent to Eq.(70)-(72). 

4.3 Reduction by G 

We shall first perform Poisson reduction of Hamiltonian system on 1 T*TG under 
the action of G given by 

(. 9 ; (h, V, v-l, ^ 2 )) -t (gh, Adg-irj, AdAd*-iv 2 ) ■ 

In this case, the Hamiltonian is independent of group variable H = H (f, p, v), 
hence, is right invariant under G. The total space is the group gi© (02 x 03 ) • 
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Proposition The Poisson reduced manifold 0 i ©(02 x 03 ) carries the Poisson 
bracket 


{H,K } 


+ ( cidc 


01©^02 *03 

SK SH 

’ Sfi 


{€,v, v) = 


SK SH\ /SH SK 

If’ \If’I k 

,JH SK \ / r SH SK 


+ \ hi 


SH SK 
Sfi ’ Sfi 
SK SH 
Sfi ’ Sv 


(73) 


for two right invariant functionals H and K. 


Remark T*g 1 = 0 i x 0 g carries a canonical Poisson bracket and 02 carries Lie- 
Poisson bracket. The immersions 0 i x 03 -> 0i© (02 x 0a) and 02 -> 01© (02 x 0a) 
are Poisson maps. However, the Poisson structure described by Eq.(73) on the 
space 01 © (02 x 03 ) is not a direct product of canonical Poisson bracket on T* 0 i = 
0 i x 03 o,nd Lie-Poisson bracket on 0 g. In fact, this Poisson structure reduces to 
a direct product structure on g 1 x (02 x 03 ) if one uses trivialization of the second 
kind as in, for example, [13] and [7]. In this case, the terms in the third line of 
the Hamilton’s equations (73) are lost. 

Proposition The Mars den-Weinstein symplectic reduction by the action of G on 
l T*TG with the momentum mapping 

J G i t *tg ■ 1 T*TG —y 02 : (,g , £, /x, v) ► /x 

G\ 

results in the reduced symplectic two-form Tl i T * TG on the reduced space x 0 ! x 
03 - The value of Ll G ^ T , TG on two vectors (q g * (/x), (, A) and ( fj g * (/x), A) is 

^%*tg (fan* (y^) 7 C, A), (fj a . (/x) ,C, A)) = (A, C> - (A,C) - (k M) (74) 

and the reduced Hamilton’s equations for a right invariant Hamiltonian H are 

dC_6H_ d\_ _5H_ d/x _ 
dt 5X ’ dt 5( ’ dt ^ 

Remark The reduced space O M x 0 i x 03 is a symplectic leaf ([31]) of the Poisson 
manifold 0 i ©(@2 x 03 ) as well as of 0 i x 02 x 03 with direct product Poisson 
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structure 


5K 5H 


{H , K} 


0i x 02 xg^ 


• {£,1*, v) = 


5H 6K 


+ 



5H SK 

6g ’ Sfj, 


(75) 


The latter result was obtained in [7, 13]. 

Remark For a Lagrangian L = L defined on the second order bundle 

T 2 G and whose dynamics is described by Eg. (47), we define the energy function 


H (g, t /i, uj = (/i, £) + (u, ~ L (g, f, £) (76) 

on the Whitney product 1 T 2 G Xg@ 5 1 T*TG. When the fiber derivative (the Leg¬ 
endre map) 5L/5f = v is invertible for the Lagrangian L = L ^g, £, , the energy 

in Eg. ( 76) becomes a Hamiltonian function on 1 T*TG. In this case, substitution 
of H into Hamilton’s equations (69)-(72) results in the Euler-Lagrange equations 
(47). If l = l an d the fiber derivative Sl/5f = v is invertible, then the 

Hamiltonian 

c I 

= <//,0 + -l = u ( 7 7 ) 

generates the second order Euler-Poincare equation ( 48 ). 

s~i\ 

The symplectic two-form Ll given in Eq.(74) on x g x x g)j is in a 

direct product form. Hence a reduction is possible by the additive action of g the 
second in (9 M x 0i x 03- 

Proposition The momentum mapping of additive action of g on the symplectic 
manifold ( O M x g x x gg,fi^, TG ) is 


J o^x 01 x 0 ‘ : °k X0 ixg^g;: (/i, Z, v) -> v 

and the symplectic reduction results in the total space O M with Kostant-Kirillov- 
Souriou two-form (27). 
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4.4 Reduction by g 

The vector space structure of g makes it an Abelian group, and according to the 
immersion in Eq.(62), g is an Abelian subgroup of 1 T*TG. It acts on the total 
space 1 T*TG by 


(£; (h, V, /b v)) ->• (h, £ + v, R + u) . (78) 


Since the action of G(s)g on its cotangent bundle 1 T*TG is symplectic, the sub¬ 
group g of G(S)g also acts on 1 T*TG symplectically. Following results describes 
Poisson and symplectic reductions of l T*TG by g assuming that functions K, 
H = H(g,fi,v) defined on G(§) (g£ x g?j) are right invariant under the above ac¬ 
tion of g. 

Proposition Poisson reduction of 1 T*TG by Abelian subgroup g gives the Poisson 
manifold G {§) (g£ x g£) endowed with the Poisson bracket 


i H ’ A }g©( 0 |x 0 *) 


T*R — — 

e 9 5g’ 6/1 


S JL 

e 9 5g ’ 5/i 


+ \ Ab 


5H 5K 
5/i ’ 5/i 


{ v, 


'5H 5K 


~5K 5H~ 

5/i ’ 5u 


5/i ’ 5v 


(79) 


evaluated at ( g,/i , u). 


Remark Recall that Gxgj is canonically symplectic with the Poisson bracket in 
Eq.(21) and the immersion G x g) 4 G(S)(g 2 x g£) is a Poisson map. On the 
other hand, g^ is naturally Lie-Poisson and g£ —* gi(§) (g£ x g£) is a also Poisson 
map. The Poisson bracket in Eq.(79) is, however, not a direct product of these 
structures. 


Proposition The application of the Marsden- Weinstein symplectic reduction by 
the action of g on 1 T*TG with the momentum mapping 

J 3 it*tg : l T*TG —> g£ : (g, £, /i, v) ► u 

results in the reduced symplectic space (J 0 i T * TG ) 1 /g isomorphic to G®Q 2 and 
with the canonical symplectic two-from hI G @ g * in Eq.(18). 
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It follows that the immersion G(S )02 G(S) (02 x 03) defines symplectic leaves 
of the Poisson manifold G(§)(02 x 03). 

The symplectic reduction of G(S)02 under the action of G results with the total 
space O t j with Kostant-Kirillov-Souriou two-form ( 27 ). We arrive the following 
proposition. 


Proposition Reductions by actions of g and G make the following diagram com¬ 
mutative 


G(S)0 1 )(S)(0^ x 0*) 

.R. by^' S.R. by 

G(S)02 Of, X 0! X 0* 

^SJi76i/ G at fi S.R. 

' o„' 


( 80 ) 


Note that, the symplectic reduction of 1 T*TG by the total action of the group 
G(S)0i does not result in O ti as the reduced space. This is a matter of Hamiltonian 
reduction by stages theorem [ 27 ]. In the following subsection, we will discuss the 
reduction of l T*TG under the action of G(s)0i as well as the implications of the 
Hamiltonian reduction by stages theorem for this case. 

Remark The actions of the subgroups 02 and 03 are not symplectic, nor are any 
subgroup in the list ( 62 ) containing 02 and 03. There remains only the action of 
the group G(§)q. 


4.5 Reduction by G©q 

The Lie algebra of G(s)0 is the space 0(s)0 endowed with the semidirect product 
Lie algebra bracket 

[(£ 1 ,6) , (m, )] g ©0 = ([fi» Vi], [6, rfr] - [ 771 ,6]) (81) 
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for (£i,£ 2 ) and ( 91 , 92 ) in g©g. Accordingly, the dual space 02 x 03 has the Lie 
Poisson bracket 


{^ A '} 0 *x 0 * (hw) = ({9,”), 


SF SF\ f5E_ 5E\ 

VV W ’ V V <W 


0 © 0 / 


= \ 9 


v), ( 

\SF SE] 


SF SE] 


SE SF 1 

S/i ’ S/i 

1 

S/i ’ Sv 


S/i ’ Sv 

'SF SE' 

H 

f 

'SF SE 


'SE SF' 

6 /i ' d/i 

S/i ’ Sv 


S/i ' Sv 


■ (82) 


for two functionals F and K on g?i x gj. 

Proposition The Lie-Poisson structure on x g^ is given by the bracket in 
Eg. (82) and the Hamilton’s equations for H (/i, v) read 


d/i ,* 

—— — adsH_fi + adsH_ v, 

Oft 8/1 8u 


dv 

— = ad m v. 
dt sn 


(83) 


Alternatively, the Lie-Poisson equations (83) can be obtained by Poisson re¬ 
duction of 1 T*TG with the action of G©g given by 


(Oh 0 ; (h, 9 , /i, v)) -t (gh, £ + Ad g -irj, Ad* g - 1 (p + ad* Adg , Ad* g -iv^ (84) 

and restricting the Hamiltonian function H to the fiber variables (/i,v). In this 
case, the Lie-Poisson dynamics of g and £ remains the same but the dynamics 
governing /i and v have the reduced form given by Eq.(83). This is a manifestation 
of the fact that the projections to the last two factors in the trivialization (60) 
is a momentum map under the left Hamiltonian action of the group G©gi to its 
trivialized cotangent bundle l T*TG. Yet another way is to reduce the bracket 
(73) on 0i(§) (02 x 03 ) by assuming that functionals depends on elements of the 
dual spaces. That is, to consider the Abelian group action of gi on gi© (g£ x 0 s) 
given by 

(f 5 Oh 9, ")) (f + V, 9 + ad\v, v) 

and then, apply Poisson reduction. Note finally that, the immersion 02 x 03 “>• 
0i© (02 x 03 ) is a Poisson map. 

Application of the Marsden-Weinstein reduction to the symplectic manifold 
l T*TG results in the symplectic leaves of the Poisson structure on 02 x gg. The 
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action in Eq.(84) has the momentum mapping 

: 1 T*TG —> 02 x 03 : Gb £1 Zb v ) Ob v) ■ 

The pre-image j (p, v) of an element (//, zz) G 02 x 03 * s diffeomorphic 

to G(s)g. The isotropy group (G(S)g)( n of (p, z/) consists of pairs (g,£) in G(f)g 
satisfying 

Ad *(g,i) G“> v ) = i Ad *g (d _ ad l u ) » ^*zz) = (Zb u ) ( 85 ) 

which means that g G G v D G 9 and the representation of Ad g £ on z/ is null, that 
is ad* Ad ^v = 0. From the general theory, we deduce that the quotient space 

(■PfV ) -1 I - O m 

is diffeomorphic to the coadjoint orbit in gZ; x 03 through the point (/x, u) 

under the action Ad* g ^ in Eq.(85), that is, 

0(JX, V ) = {(Zb v) e 02 X si : Ad\ g£) (p, v) = (/i, v )} . (86) 

Proposition The symplectic reduction of l T*TG results in the coadjoint orbit 
0(n tV ) in gZ; x gZj through the point (/1, v). The reduced symplectic two-form Tl G ®tf G 
(denoted simply by takes the value 

0,(vX))(t,v) = (t,[v,v)) + (g[v,C}- [17, C]) (87) 

on two vectors (77, £) and (fj,C) in T^)0^ u ). 

This reduction can also be achieved by stages as described in [16, 27]. That is, 
Erst trivialize dynamics by the action of Lie algebra g on l T*TG which results in 
the Poisson structure on the product G(S)(gZ> x 03) given by Eq.(79). Symplectic 
leaves of this Poisson structure are spaces diffeomorphic to G(S)g?j with symplectic 
two-form given in Eq.(18). The isotropy group G 9 of an element p, G 0* acts on 
G(s)g2 by the same way as assigned in Eq.(22), that is, 

G 9 x (GCDgZ;) —>■ G(s)g2 : (<7; (h, A)) —» ( gh , Ad*- iA) . (88) 
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Then, the Hamiltonian reduction by stages theorem states that, the symplectic 
reduction of GCsjg?; under the action of G M will result in 0^ tV ) as the reduced 
space endowed with the symplectic two-form i/} in Eq.(87). Following diagram 
summarizes the Hamiltonian reduction by stages theorem for the case of l T*TG 
under consideration 




G r (Dfl 1 )(D(02 X 0a) 

S.R. by gi at fi 

S.R. by Gxgi at 
S.Rhby G M at v 


(89) 


G 

There exists a momentum mapping J G©g^ from G(s)g 2 to the dual space g* of the 
isotropy subalgebra g M of G^. Isotropy subgroup G lhl/ of the coadjoint action is 

Gum = {9 £ G^ : Ad *-. 

The quotient symplectic space 

(•^©g*) ( u ) j 

is diffeomorphic to the coadjoint orbit 0^ >v ) defined in ( 86 ). 

It is also possible to establish the Poisson reduction of the symplectic manifold 
G(S )02 under the action of the isotropy group G^. This results in 


G,A (G®q* 2 )~0,xq* 2 


with the Poisson bracket 


rrr ^ ( ^ / \ 5H SK 


'8H 8K 

) + { v ' 

8H 8K 


8K 8H 

5fi ’ 8fi 

8fi ’ 8v 


8fi ’ 8v 


We note again, that, the Poisson structure on x g* is not a direct product of 
the Lie-Poisson structures on and q 2 . Following diagram illustrates various 
reductions of l T*TG under the actions of G, g and G(S)g. Diagram (30), describing 
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reductions of G(s)g*, can be attached to the lower right corner of this to have a 
complete picture of reductions. 


0i©(02 x 0s) — 

Poisson 

embedding 

02 x 0^ -P R 

Poisson 

embedding 

G©(q * 2 x *£) — 


symplectic leaf 

—-x 01 x 0 * 



symplectic 

embedding 

(/bh) 



P.R. by g 




symplectic 

embedding 


symplectic leaf 


oG©02 


(90) 
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5 Cotangent Bundle of Cotangent Group 

Global trivialization of the cotangent bundle T*G to the semidirect product G(s)g* 
in Eq.(16) makes the identification of its cotangent bundle T*T*G ~ T* (G(S)gi) 
possible. Hence, the global trivialization of the iterated cotangent bundle can be 
achieved by the semidirect product of the group G(s)g* and dual of its Lie algebra 
02 x 03 [H]- The trivialization map is 

tr^ : T* (G©g*) -y (G®gJ)® (g£ x 03 ) := 1 t*T*G 

(cr^, cqj) y /i, T e Rg ( oig ) ad a ^p : (91) 

and, on l T*T*G , the group multiplication is given by 

(g, AL A P 6 ) (h, v, A 2 , £ 2 ) (92) 

= (gh, p + Ad* g -iv, Ai + Ad* g ~ 1 A 2 — + Adg-if^ ■ 

Proposition Embeddings of following subspaces 

G, Ql, q* 2 , 03, G(§)qI, G(§)q* 2 , G®g 3 , 0 t© 02 , 02 x 0 s, (93) 

G(Dfltd) 02 , G© ( 0 ; x g 3 ), (gt x g 3 )(§)g 2 

define subgroups of 1 T*T*G and hence they act on 1 T*T*G by actions induced by 
the multiplication in Eq.(92). 

The group structures on G(s) (g^ x g 3 ), G(s)g*(s)g 2 , (g* x g 3 )(§)02 are ( U P 1° 
some reordering) given by Eqs.(63), (64) and (65), respectively. 

5.1 Symplectic Structure 

The canonical one-form and the symplectic two form on T*T*G can be mapped 
by fr^* T * G to l T*T*G based on the fact that the trivialization map is a sym¬ 
plectic diffeomorphism. To define canonical forms, consider a right invariant 
vector field g enera t e d by an element ( 17 , Ai, A 2 , C) hi the Lie algebra 

( 0 © 0 *) (D ( 0 * X g) of 1 T*T*G. At the point (g, p, u, £), the right invariant vector 

X (vM T & = ( Ti Vb A i + ad * v g^ A 2 + ad*v - ad\ A x , C + [£, v}) (94) 
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is an element of T( 9iAt)I/i £) (fT*T*G) . The values of canonical forms 9 1 t*t*g and 
1 t*t*g at right invariant vector fields can now be evaluated to be 


(h21 t*t*g'i 



m , V" 1 T*T*G \ 

X T*T*G: A (^Ai,A 2 ,C)/ 

i T » T , G 1 t*T*G V 
(r?,Ai,A 2 ,C)’ (jj,Ai,A 2 ,C)/ ' 


(^,^) + (Al,0 (95) 

(A 2 , r?) + <c - iv, f], Ai> - (A 2 , v) 

+ {[v,£]-tAi) + (v,[v,v])- (96) 


The musical isomorphism r2 b lT * T * G , induced from the symplectic two-form 1 t*t*g 
in Eq.(96), maps T (fiT*T*G) to T* (fT*T*G). At the point (g, p, u, £), f^i T * T * G 
takes the vector in Eq.(94) to the element 




1 T*T*G 


i T * T * G 

^(v, Ai,A 2 ,C) 


(T*/?, 5 -i (A 2 + ad^/i) , C, — rj, — Ai) 


T 


1 T*T*G). 


Proposition A Hamiltonian function H on 1 J'*T*G determines the Hamilton’s 
equations 

i \' i t*t*g^I‘ 1 t*t*g = —DH 

by uniquely defining Hamiltonian vector field X 1 fi[* T * G . The Hamiltonian vector 
field is a right invariant vector field generated by four-tuple Lie algebra element 


SH 5H 

c * c* /• * 5 H 

OV Of; 5 h 


rji* r> 

-L e g 


f5H\ _6H\ 


in ( 0 (§)g*) (§) (g* x g). At the point (g,p,v,£), the Hamilton’s equations are 


dg_ 

dt 


T e Rg 



J 


dp 

dt 

dv 

dt 

df 

dt 


5H 

—t~— adsn p 
df su 


adsH_p + adsH_ v — T e R„ 

Sp 5 u 


6H_ 

5p 


+ E 





(97) 

(98) 

(99) 

( 100 ) 
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5.2 Reduction by G 

It follows from Eq.(92) that the left action of G on l T*T*G is 


(. 9, (h, v, A 2 , 6 )) -t (. gh , Ad* g -iu, Ad* g - iA 2 , Ad g -i^ 2 ) (101) 

with the infinitesimal generator being a right invariant vector field as in 

Eq.(94) generated by ( 77 , 0, 0, 0) for 77 e 0 . 

Proposition Poisson reduction of 1 T*T*G under the action G results in g^fs) (g 2 x 93 ) 
endowed with the Poisson bracket 


Crr r,e , /SK SH 

{H, K } g *(D^ 0 * X03 ) (/b v, 0 - ^ ^ 

, ,* hi/ J>k hit \ / 

adsK_ —zr — adsH_ -z— ) + ( /i, 

<5^ 04 & <)( / \ 


hi/ h/s: 
h/i ’ h£ 


'SH SK 
Sv ’ ho 


'SH SK' 


'SK SH' 

h/x ’ Sv 


h/i ’ Sv 


( 102 ) 


and symplectic reduction gives x g x g* with the symplectic two-form defined 
by 


H G i t*t*g ((V (b), A,C), (hg* M, A,C)) = <C, A) - (C, A) - (/ 1 , [ 77 , 77 ]) (103) 

077 two elements (rj g * (/i) , A, () and [fj g * (/x) , A, £) ofT g O g xgxg*. 


Recall that, in the previous section, Poisson and symplectic reductions of 
l T*TG resulted in reduced spaces g(§) (g* x g*) and O tl x g x g*, respectively. 
The reduced Poisson bracket { , } 0 @( 0 * X0 *) on g(D(g* x 0*) was given by Eq.(73) 
whereas the reduced symplectic two-form 12 if, TG on O g xgxg was given in 
Eq.(74). We have the following theorem [11] relating the reductions of cotangent 
bundles 1 T*T*G and 1 T*TG. We refer [19] for a detailed study on the canonical 
maps between semidirect products. 

Proposition For the trivialized symplectic spaces 1 t*T*G and l T*TG , and their 
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reductions, we have the following commutative diagram 



( 104 ) 


S.R. by G 


where the diffeomorphisms are given by 


r : ^t*T*G — X 1 T*TG : (g, /i, u, £) — X (g, — £, u, /i) 

7 P : 0*(D(fl* x g) -x g(D(g* x 0 *) : (p,v,£) ->■ 

7 5 : x g x g* -M!),, x g x g* : (Ad*_i/x, f, 1/) -X (Ad*-iH, ~£, v) 


T and 7 s are symplectic diffeomorphisms while y p is a Poisson mapping. 

5.3 Reduction by g* 

An action of g* on l T*T*G, given by 

(A; (g, g, v, ()) -> (g, A + g, v - arjp, f ) 


(105) 


with infinitesimal generator = ( 0 , Ai, — ad^Xi, 0 ), is symplectic, because 

the action of G(s)g* on its cotangent bundle 1 T*T*G is symplectic, and g* is a 
subgroup. Hence we can perform a Poisson and a symplectic reductions of 1 t*T*G 
and arrive at the following proposition. 


Proposition The Poisson reduction of 1 J'*T*G with the action of g* results in 
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G© (02 x 03) endowed with the bracket 


{H, K} 


G ®{&2 


X03 


{g,v,t) = (TZR i 


5K 5H 


SK 
5 is 




6H_ 

’ &T 


5H 

Sis 




9 Sg 7 Sis 
5K 

’ &T 


- < t*r, 


+ ( v 


SH SK 
' 9 ~Sg' ~5u 
SH SK 
Sis 7 Sis 


(106) 


The application of Marsden- Weinstein symplectic reduction with the action of g* 
on 1 t*T*G having the momentum mapping 


J■ 1 T*T*G —> g 2 : (g, p, is, £) > £ 

results in the reduced symplectic space ^J 0 i T * T » G ^ (0 /Q* isomorphic to G (§)03 

with the canonical symplectic two-from f 2 < 3 © 0 * i n Eq.(18). 

Remark The actions of subgroups g^ and g 3 , and hence any subgroup in the list 
(93) containing g^ and g 3 , are not symplectic. Thus, there remains only the action 
of the group G(f)g*. 


5.4 Reduction by G(S) 0 * 

Lie algebra of the group G(s)g^ is the space g(s) 0 * carrying the bracket 
[(£, n) , (v, z/ )] 0 © 0 * = ([€, v\, - ad\is) . 

The dual space gt, x g 3 carries the Lie-Poisson bracket 


= ((^ 0 , 

W), 


f8F_ SF\ f5E_ 5E\ 

Lv^’ ~sz) ’ 


0©g* 


= ( is. 


SF SE 
Sv 7 5v 
SF SE 
5 is 7 5 is 


SF 5E\ 

, ddsE_— - CLCLsf 

61s 0 q 0q J 


SE 

“r \ S ? —— ~ CLCLff "TT— 

61s dq s * 0q 


(107) 


(108) 


where [ , ] ^ , is the Lie algebra bracket on g(s)g* given in Eq.(107). 


33 














Proposition The Lie-Poisson bracket, in Eq.(108), on 02 x 03 defines the Hamil¬ 
tonian vector field X E X0 by 


{F,E} 


02*03 



whose components are the Lie-Poisson equations 


du 

dt 


,* * 8H 
adsnv — adc—r, 

Su ^ ot, 


dt 


[e, 


SH 


(109) 


Although the calculation in (108) is a proof of the proposition, it is possible to 
arrive the Lie-Poisson equations (109) by starting from the Hamilton’s equations 
(97)-(100) on 1 t*T*G and applying this system a Poisson reduction with the 
action of G(S)g* given by 


(G(Dfl*) x 1 t*T*G -x l T*T*G : (110) 

((fiS d)i (h, v -> -^ 2 , £ 2 )) (gh, p + Ad*-iu, Ad*-i\ 2 — Adg-i^)- 

In short, the Poisson reduction is to choose the Hamiltonian function H in Eqs.(97)- 
(100) depending on fiber variables, that is H = H ( 1 /, £) and to arrive the Lie- 
Poisson equations (109). 

To reduce the Hamilton’s equations (97)-(100) on l T*T*G symplectically, we 
first compute the momentum mapping 

Jg© 0 * = 1 T*T*G ^ g* x g : (<?, p,!/, 0 -► (p 0 , 

associated with the action of G(s)g* in Eq.(llO) and the quotient space 

(•ta^Ao/ G ( „, s) ~ o M . (in) 

Here, G(V,£) is the isotropy subgroup of G(S)g* consisting of elements preserved 
under the coadjoint action G(S)g* on the dual space g* x g of its Lie algebra 


Ad* : (G©g*) x (g* x g) 4 g’ x g 

: (Ad* g (v + ad£fj) ,Adg£) ( 112 ) 
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and the space 0( U £) is the coadjoint orbit passing through the point (z/, £) under 
this coadjoint action. We arrive the reduced symplectic space 0( u> g) endowed 
with the reduced symplectic two-form fl an( 4 summarize these results in 

the following proposition. 

Proposition The symplectic reduction of l T*T*G results in the coadjoint orbit 
0(in 02 x 0* through the point (z/, £) . The reduced symplectic two-form 11 
(denoted simply by takes the value 

CM), (M)} = (v, [v,v]) + (t,ad* A - ad^X}) (113) 

on two vectors (A ,rj) and (A, 77 ) in T^^O^y 

To arrive the previous proposition, we performed the reduction lr p*T*G —> 
in one step by applying the Marsden-Weinstein theorem to 1 J'*T*G with 
the action of G(s)g*. Alternatively, we can perform this reduction in two steps by 
applying the Hamiltonian reduction by stages theorem [27]. In the first step, the 
symplectic reduction of 1 T*T*G with the action of g* must be performed. This has 
already been established in the previous subsection and resulted in the reduced 
symplectic space (j 0 i T » T * G ) (£) /g*, isomorphic to G(S) 03 , with the canonical 
symplectic two-from fl G (D g * in Eq.(18). For the second step, we recall the adjoint 
group action Ad g - 1 of G on g and define the isotropy subgroup 

= {g G G : Ad g -if = £} (114) 


for an element £ G g under the adjoint action. Lie subalgebra g^ of G% consists 
of vectors 77 G g satisfying [ 77 , £] = 0. The isotropy subgroup G^ acts on G(s )03 
by the same way as described in Eq.(22). This action is Hamiltonian and has the 
momentum mapping 


j G A 

j g©b5 


G©03 y 0© 


where g| is the dual space of g^. The quotient space 



Gz,„ ~ O, 


(",0 


is diffeomorphic to the coadjoint orbit 0( v £) in Eq.(lll). 
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Following diagram summarizes reductions of 1 J'*T*G and its subbundles. 


Poisson 

embedding 

02 x 

Poisson 

embedding 

G(D(02 


x 0 3 ) 


symplectic leaf 


X 0* X 03 



(115) 
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6 Tangent Bundle of Cotangent Group 

TT*G ~ T (G©g*) . T (G©g*) can be trivialized as the semidirect product of the 
group G©g* and its Lie algebra g©g*. This reads 

tr l TT * G : T(G©g*) -> (G®gJ)®(g 2 (Dg5) = : 

■ (v g , v tl ) -> (g, /i, TRg-iVg, V g - ad* TRg iVg i?j , (116) 

where {V g ,Vfi) E T^ g ^ (G©g*) [11]. The semidirect product group multiplication 
on 1 TT*G is 


(9,I*,C n^i) (M,6 ,za) 

— (gh, n + Ad*-iX, + Ad g -i£ 2 , z'i + Ad*-iis 2 — ad^^^p^j (117) 

and embedded subgroups of l TT*G follows. 

Proposition The embeddings define subgroups 

Cgt,g 2 ,03> G®qI,G(§)q 2 ,G(§)q* 3 , g) x q* 3 , g 2 x g£, 

G© (g* x g*), G© (g 2 x g£), (gj x g 2 ) ©g 3 

of l TT*G define subgroups. Group structures on G©g, G©g* are defined by 
Eqs.(10) and (15), respectively and, group structures onG©(gl x g 3 ), G©(g 2 x g 3 ) 
and (g^ x g 2 )©g 3 are defined (up to some ordering) by Eqs.(6f),(63) and (65), 
respectively. The group structures on g^, g 2 , g 3 , g* x g 3 and g 2 x g 3 are vector 
additions. 

6.1 Hamiltonian Dynamics 

An element (£ 2 , v 2 ,f3, v 3 ) in the semidirect product Lie algebra (g©g*) © (g©g*) 
defines a right invariant vector field on l TT*G by the tangent lift of right trans¬ 
lation in l TT*G. At a point (g,p, £, v), a right invariant vector is given by 

= ( T R 9 &’ v * + adfrfi, 6 + [£, 6] 0 , ^3 + ad\ 2 v - ad\v^j . (118) 
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The bundle T (G(S)g*) carries Tulczyjew’s symplectic two-form 12 t(g© 0*) with two 
potential one-forms. The one-forms 9\ and 9 2 are obtained by taking deriva¬ 
tions of the symplectic two-form 12 g(§) 0 * and the canonical one-form 9q® 3 * given 
in Eqs.(17), respectively [11]. By requiring the trivialization trf T * G in Eq.(116) 
be a symplectic mapping, we obtain an exact symplectic structure VL tt * g with 
two potential one-forms 9\ and 9 2 taking the values 


n 1 tt * g ; X i *))) = (^3,6) + (^2,6} - (^2,6) 

■ (6,6) + {v, [6,6]} + </i, [6,6] + [6,6] + [6 [6,6]]}, (H9) 

$i,^( 6 ^, 6 ,^ 3 )) = 6 ) - 62,6 + (/b [66]), ( 120 ) 


6,-^(£ 2 ,i, 2 ,a, v 3 )) — (b, 6) + (^,6) + (/b [66]), 


( 121 ) 


on the right invariant vector fields as in Eq.(118). At a point (g, / 1 ,6 6 £ l TT*G , 
the musical isomorphism 126 TT * G , induced from 11 1 tt*g, maps the image of a 
right invariant vector field ^ to an element 


^ b iTT*G(^ 2 T S,^^3)) “ (i/ 3 - ad*^ 2 ) , —(6 + [66]), ^2 + -6) 


of T, 


(9,v,^,C 


1 TT*G). 


Proposition Given a Hamiltonian function E on l TT*G, Hamilton’s equation 


i x i T t*g H 1 tt*g — ~DE 

defines a Hamiltonian vector field X E TT * G which is a right invariant vector field 
generated by the element 


5E 

5v 


5 _ (jf + ad h^) ’ ^ ~ ad ^’ ~ { T * Rg i^ +ad +ad « a %^)) 


of the Lie algebra (g(s)g*) (s) (fl(Dfl*) • Components of X E TT * G define the Hamil¬ 
ton’s equations 


9 






5E 

6? 


v = ad*sE_u — T*R g 

Su 



( 122 ) 
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6 . 1.1 Reduction by G 

The action of the group G on 1 TT*G , given by 

(s; (h, A, f, ^)) ->■ (. gh , Ad*-iX , Ad g -i£, Ad* g _ii/) , (123) 


is a symplectic action. 


Proposition T/ie Poisson reduction of l TT*G under the action of G results in 
the total space (gj x g 2 ) ©03 endowed with the Poisson bracket 


{-£o-F}( 0 *xg2 



5E 5F 
Su ’ 8v 


(124) 


Remark Here, the Poisson bracket on (g* x g 2 ) ©03 is the direct product of 
canonical Poisson bracket on g* x g 2 and Lie-Poisson bracket on gg whereas in 
Eq.(73) we obtained a Poisson bracket, on an isomorphic space g©(g* x g*), 
which is not in the form of a direct product form. 


The action in Eq.(123) is Hamiltonian with the momentum mapping 

J C i T t*g '■ l TT*G —> g* : (g, p, £, u) — * v + ad^p. (125) 

The quotient space of the preimage (A) of an element A e g* under the 

action of isotropy subgroup G\ is 


J i^ T * G (A)/ G A ~ C> A x g* x g. 

Pushing forward a right invariant vector field ' in the form of Eq.(118) by 

the symplectic projection 1 TT*G —y 0\ x g* x g, we arrive at the vector field 

A 'S:X’ ( Ad i -' x ’ * h = « ° Ad i -‘ x ’ v + ad > c+ k. >?]) (126) 

on the quotient space 0\ x g* x g. We refer [12] for the proof of the following 
proposition and other details. 

Proposition The reduced Tulczyjew’s space 0\ x g* x g has an exact symplectic 
two-form Ho AX g» X0 with two potential one-forms xi and y 2 whose values on vector 
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fields of the form of Eq. (118) at the point ( Ad*p, f j are 


/o ( -5r o ^ x 0* x 0 yOA x j*x 5 \\ 

y l °^ n * x B ’ (»?,«,0 c ) j / 

(xt'K™)*’} GH-*.**,«) 


(v,C> - (v,C) - (A, [77,77]), ( 127 ) 

(A, 77) - (t>, 0 , ( 128 ) 

(A, 77) + (//, C) ■ ( 129 ) 


6.1.2 Reduction by 0 

Proposition T/ie action 0/02 on l TT*G given by 

TV l TT*G —► 1 7T*G : ( 77 ; (g,p,£,v)) ( 0 ,/J, f + 77 , 1 /), (130) 


is symplectic for some r/ e 02 - 

Proof Push forward of a vector field i n the form of Eq.(118) by the 

transformation cp v is also a right invariant vector field 

/ \ v 1 TT*G _ x- 1 TT*G 

\TvJ* {£.2,V2,£.3,1*3) (£2,V2,£3 — [v,£2],l'3+ a d : t l l '2 S ) 

Establishing the identity 


itt*g (A, V ) ( 0 , /i, £, z/) 


ft i TT * G (M* X, yj) ( 0 , p, £ + 77 , n) (131) 


requires direct calculation and gives the desired result that the action (130) is 
symplectic. In Eq.(131) X and Y are right invariant vector fields as in Eq.(118) 
and ft 1 tt*g is the symplectic two-form on ft 1 tt*g given in Eq.(119). 


Proposition The Poisson reduction of l TT*G under the action of q 2 in Eq.(lSO) 
results in G (§) ( 0 ^ x 0 g) endowed with the bracket 


{ E ’ F }g®(b1x S * 3 ) 


r * n s_F 

e 9 dg ’ 8v 


r ^hE d_F 
e 9 dg 1 du 



~5E 5F~ 
dv ’ dv 


Remark The Poisson bracket {E, -^ , }g©( 0 * X0 *) independent of the derivatives 
of the functions with respect to p, that is, it does not involve dE/dp and dF/dp. 
Its structure resembles the canonical Poisson bracket { , } G @ g » in Eq.(21) on 
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G(S)g*. We recall that, on G(§)(q* x g*) ; we have derived the Poisson bracket 
{ , xgg) * n Eq.(79) involving 5E/6fi, 5F/5fj,, 5E/5v and SF/5u. 

The infinitesimal generator of the action in Eq.(130) corresponds 

to the element ( 3 6 j and is a right invariant vector field. Since the action is 
Hamiltonian, and the symplectic two-form is exact, we can derive the associated 
momentum map J 0 i TT * G by ^ ie equation 

< J 0 1 2 TT*G ( 9 , Ab €, v) , &) = (# 2 , ^(O.oJs.O)) = &) , 

where 62 is the potential one-form in Eq.(121) satisfying d0 2 = H itt*g- We find 
that 

JVg : lTT * G Lie* ( 02 ) = 0* : ( 9 , /b (132) 

is the projection to the second entry in 1 TT*G. The preimage of an element 
/1 G g* by J 0 i TT , G is the space £?(§) ( 0 2 (§) 03 )- Following proposition describes the 
symplectic reduction of 1 TT*G with the action of g 2 . 

Proposition The symplectic reduction of l TT*G under the action of g 2 defined 
in Eq.(130) gives the reduced space 

(J’W-c)" 1 M/s2^g©05 

with the canonical symplectic two-from Hg ©03 as in Eq.(18). 

Remark Existence of the symplectic action of g 2 on 1 TT*G is directly related to 
existence of the symplectic diffeomorphism 

1 (Jg'■ 1 TT*G —> 1 T*TG : (g, p, £, v) —> [g, £, v + ao^/z, /i) . 

For the mapping 1 ac, we refer [11]. 
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6.1.3 Reduction by 0 * 

Induced from the group operation on l TT*G, there are two canonical actions of 
0 * on X TT*G given by 

: 0i x l TT*G —>■ 1 TT*G : (A; (g, p,, £, is)) (g,p + A, £, is) , (133) 

0 : 03 x X TT*G —>■ 1 TT*G : (A; (g, £, za)) ->■ (p, /z, £, za + A) . (134) 

Proposition ip is a symplectic action whereas <p is not. 

Proof Pushing forward of a vector field X,^t*g ^ inform, of Eq.(118) by trans¬ 
formations ip\ and <f>\ results in right invariant vector fields 

^-( 6 ,^ 2 ,£ 3 ,^ 3 ) X&W-ad^ad^ 

(i \ y 1 TT*G _ y 1 TT*G 

A (6^2,53^3-«<i* 2 A)‘ 

If VL i tt*g is the symplectic two-form on l TT*G given in Eq.(119), the identity 
0A*fi 1TT*G (X, Y) (g, PL, £, z/) = fi 1 TT*G (M* X, (0 A )* Y) (g, /z + A,£, is) (135) 
holds for all vector fields X and Y, and A G 0 * whereas 


i TT * G (X,Y) {g,fjL,Z,v) 


1 TT*G ((0a)* X, (0 A )„ Y) (g, p,f,is + A) (136) 


does not necessarily hold. Hence, ip x is a symplectic action but not <f>\. 

Thus, Poisson and symplectic reductions of l TT*G under the action of 0 * is 
possible only for ip. 

Proposition Poisson reduction of 1 TT*G under the action ip of 0 ^ results in 
G {D (02 x 0 g) endowed with the bracket 


{E, -F}g©(0 2 x 0 |) (d, v) 


e 9 5g' 8 v 


TfR 


8 E 8 F 
' 8 g ’ 5v 



~5E 5F~ 
81 s ’ 5v 


Remark The Poisson bracket {E, E} G ^ S2Xg ,^ is independent of derivatives of 
functions with respect to £ and it resembles to the canonical Poisson bracket 
{ , } G @ 0 * in Eq.(21 ) on G{ S) 0 *. The space G( s) ( 0 * x 0 ) is isomorphic to G{ s) (02 x 03 ) 
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on which we derived the Poisson bracket { , }g@( 0 » X0 ) in Eq.(106) involving deriva¬ 
tives with respect to both of £ and v. 

The infinitesimal generators of the action are defined by v 2 £ Lie (gj). 

We compute the associated momentum map from the equation 

^ J l 1 XT*G Li £> u ) 1 — (&h ^(O.^.O.O)) = — (^ 2 , £) , 

where 6 1 ! is the potential one-form in Eq.(120). We find that 

J 0 iV t *g = 1 TT*G Lie* (gj) ~ g : (g, n, £, u) -+ -£ (137) 

is minus the projection to third factor in l TT*G. The preimage of an element 
£ £ g is the space G{ D (gj x g^). 

Proposition The symplectic reduction of 1 TT*G under the action of g* defined 
in Eq.(lSO) results in the reduced space 

(j 0 iW G ) _1 ( 0 /si - G(D(gI X g*)/gj ~ G©g* 

with the canonical symplectic two-from Og© 0 £ as Qi ven in Eq.(18). 

Remark Existence of the symplectic action of g* on 1 TT*G is directly related to 
existence of the symplectic diffeomorphism 

^G© 0 * : X TT*G 1 p*T*G : (g, /i, £, u) (g, p,u + ad */q -£) . (138) 

For the mapping 1 h2^ ( g )g », we refer [11]. 

In the following proposition, we discuss the actions if and (f of g* on l TT*G 
in Eqs(133) and (134) from a different point of view. 

Proposition The mappings 

Emb x : G©g* 1 TT*G:(g,n)-> (g,n, 0,0) 

Emb 2 : G(S)g* l TT*G : (g, is) —> (g, 0, 0, v) (139) 

define a Lagrangian and a symplectic, respectively, embeddings of G(§)g* into 
l TT*G. 
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Proof The first embedding is Lagrangian because it is the zero section of the 
fibration l TT*G —> G(S)g*. The second one is symplectic because the pull-back of 
i tt*g 1° G(S)g* by Emb 2 results in the symplectic two-form ^© 0 * w Eq.(17). 
On the image of Emb 2 , the Hamilton’s equations (122) reduce to the trivialized 
Hamilton’s equations (20) on G(s)g*. Consequently, the embedding —> 1 TT*G 

is a Poisson map. When E = h(v) the Hamilton’s equations (122) reduce to the 
Lie-Poisson equations (2f). 


6.1.4 Reduction by G(s)g 
The action of G(s)g on l TT*G 

$ : (G(Dg 2 )x l TT*G^ 'T^G : ((h, V ), (g, p,£,v)) ^ (g, p,f,v) 

■ ((h,v) ,{g,p,£,v)) ->■ (hg,Ad* h -in,rj + Ad h -i£,Ad* h -ii/) (140) 

can be described as a composition 


^{h, 0 ) ° e,Ad g ii)i 


where d(/ l)0 ) and can be identified with the actions of G and g on 1 TT*G 

given in Eqs.(123) and (130), respectively. Since both of these are symplectic, the 
action d of G(s)g on l TT*G is symplectic. 

Proposition The Poisson reduction of 1 TT*G under the action of G(s)g 2 in 
Eq.(lfO) results in g^ x g)j endowed with the bracket 


{ E ’ F } 0 ?X0‘ v) 



8E 5F 
8u ’ 8v 


(141) 


Remark Although the Poisson bracket (lfl) structurally resembles the Lie-Poisson 
bracket on g?j 7 it is not a Lie-Poisson bracket on g^ x gg considered as dual of Lie 
algebra g(S)g of the group G(s)g. We refer to the Poisson bracket in Eq.(82) for 
the Lie-Poisson structure on g* x g*. 

Right invariant vector field generating the action is associted to two tuples 
(£ 2 , £ 3 ) in the Lie algebra of G(s)g 2 , and is given by 


= { TR g&, ad^fi, £3 + [f, 6] , ad^v 2 ) ■ 
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(142) 




The momentum mapping for this Hamiltonian action is defined by the equation 


(j G ®T*G Ab £> u )) (&> £3)^ — (@2, ~ (/b £3) + + od^/i, £ 2 ) , 

where 02 , in Eq.(121), is the potential one-form on l TT*G. We find 

J^G : l TT*G -)• Lze* (G(D fl2 ) = 0 * x 0 * : (0, /x, £, 1 /) = (1/ + ad^, /x) . 
Note that, we have the following relation 

J 1 TT*G (d) /b (J 1 TT*G Ob h j ; J 1 TT*G (d> Ab ^)) 

for momentum mappings in Eqs.(125) and (132) for the actions of G and 02 on 
l TT*G. The preimage of an element (A, /x) e 0 * x 0 * is 

(^) A 4 ) = {(<b Ab £, : ^ — A — ad^p for fixed /x and A} 

which we may identify with the semidirect product G(§) 0 2 . Recall the coadjoint 
action Ad*^ g in Eq.(85), of the group G (§) 0 2 on the dual 0 * x 0 * of its Lie algebra. 
The isotropy subgroup (G(S) 0 2 )( A ^ of this coadjoint action is 

(G(D 0 2 ) (AiM) = {(<?,£) e G (§) 02 : Ad*( g ^ (A,/x) = (A,/x)} 
and acts on the preimage (A,/x). A generic quotient space 

(A, #.) / (G© 02 ) M ~ G© 02 / (G© 02 ) (v) ~ 0 (A , rt 

is a coadjoint orbit in 0 * x 0 * through the point (A, /x) under the coadjoint action 
Ad *g£) in Eq.(85). 

Proposition The symplectic reduction of 1 TT*G under the action o/G(S ) 0 2 given 
in Eq.(ljO) results in the coadjoint orbit O^^in 0 * x 0 * through the point (A,/x) 
under the coadjoint action Ad* g ^ in Eq.(85) as the total space and the symplectic 
two-from in Eg. (87). 
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It is possible to arrive at the symplectic space 0(\ tll ) in two steps. To this end, 
we first recall the symplectic reduction of l TT*G under the action of g 2 at P e 0* 
which results in GfJOgg with the canonical symplectic two-from fiG©g£- Then we 
consider the action of isotropy subgroup G M on G(s)g 3 and apply the symplectic 
reduction which results in flo (A (l) j • The following is the diagram summa¬ 

rizing this two stage reduction of 1 TT*G 


G®0*)®(0 2 ®03 

^SJmby g2 at /i 

G©g3 S.R. by G©g2 at (A ,/j) 


S.R. by Gfx at A 


o 


0,/d 


(143) 


6.1.5 Reduction by G(s)g* 

The action of G(s)g* on X TT*G is given by 


a : (G©gD x X TT*G ->■ 1 TT*G (144) 

: ((/i, A) , (g, //, f, u)) a (M) (g, /i, f, u) 

: ((h, A), (g, /i, f, u)) ->■ (h#, A + Ad* h . -i/i, Ad h -i£, Ad\^v 2 - ad* Adh _^ A) 


and, as in the case of the action of G©g 2 , it can also be achieved by composition 
of two actions 

«(M) = «(M)°«( e ,AdJA)> 

where, a(h,o) and a t e Ad* a) can be identified with the actions of G and g* on L TT*G 
given in Eqs.(123) and (133), respectively. Since both of them are symplectic, a 
is also symplectic. 

Proposition Poisson reduction of l TT*G under the action of G(S)gJ results in 
02 x gg endowed with the bracket 





'SE SF' 
5u ’ 5u 


( 145 ) 
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Remark By considering g* x g as the dual of Lie algebra g(S)g* of G(§)q* , we 
derived a Lie-Poisson bracket on g* x g, given in Eq.(108). Although g* x g and 
02 x 03 ore isomorphic, the Lie-Poisson bracket in Eq.(108) is different from the 
Poisson bracket in Eq.(lf5). 

The infinitesimal generator of a is associated to two tuples (£ 2 ^ 2 ) in the Lie 
algebra g(s)g* of G(S)gj and is in the form 

X (S*o G o) = ( T R g&, "2 + ad\ 2 n, [f, £ 2 ] 0 , ad\ 2 v - ad\v^j . (146) 

The momentum mapping is defined by the equation 

( j( ?r*G (9, L, v), (6, ^ 2 )) = (^i^(Sao)) = - (^ 2 ,0 + {v + ad\n, f 2 ) , 
where 6\ is the potential one-form given by Eq.(120). We obtain 

f®r*G ■ lTT * G Lie * ( G © 0 t) = 0 * x g :{g, /i, f, v) ->• ip + adfa -f) 
which can be decomposed as 

J 1 TT*G ^ 9 i Li £,1 G ) 1 TT*G idi Li Ci ^0 5 J 1 TT*G ( 9 i Li 

where J ( { TT * C and J 0 i TT * G are momentum mappings in Eqs.(125) and (137) for 
the actions of G and g* on L TT*G, respectively. The preimage of an element 
(A,0 e g* x g is 

( J ^?t*g) ( A ’ 0 = {( 9 1 L, -ti v) ■ v = A + ad \L} 

which can be hence we may identified with the space G(S)g*. The isotropy sub¬ 
group of the coadjoint action of G(S)g 2 on g* x g is 

(G(Dg!) (A>0 = {(g,fi) e G( s)g 2 : Adf gil) (A,£) = (A,£)}, 

where the coadjoint action is given by Eq.(112). The isotropy subgroup acts 
on the preimage of (A,£) and results in the coadjoint orbit through the point 
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(A,0 e g* x g 


(A,0 / (G® e ;) wi = g© 0 ;/ (g© 02 ) (a-c) ~ o (A , s) . 

Proposition Symplectic reduction of 1 TT*G under the action of G(s)qI given by 
Eq.(lff) results in the coadjoint orbit C\a,o and the symplectic two-from ^o {A0 
in Eq.(113). 

Similar to the reduction of l TT*G by G(s)g 2 , we may perform symplectic re¬ 
duction of l TT*G with the action of GCDg^ by two stages. First, we recall the 
symplectic reduction of L TT*G with the action of g^ at £ e g which results in 
G(S)g 3 and the canonical symplectic two-from Qc©g* • Then, we consider the ac¬ 
tion of isotropy subgroup G^, defined in Eq.(114), on G (§)03 and apply symplectic 
reduction. This gives 0 (a,o and the symplectic two-form f2e> (A . Following dia¬ 
gram shows this two stage reduction of l TT*G 


G©0*)(sXfl 2 (§)fl3 

S.R. by 0j at £ 

G(s)g2 s.r, G ©0l at 


S.R. by G^ at A 


o 


(A,«) 


(147) 


We summarize diagrammatically all possible reductions of Hamiltonian dy¬ 
namics on 1 TT*G 
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symplectic symplectic 

(GdWXDsS --—-,G©g«-^-- G©( S2 ©sg) 



(148) 


6.1.6 Reductions of Special Symplectic Structure 

1 TT*G admits the trivialized special symplectic structure 

( X TT*G, l T*T*G, 9 1 , , (149) 


where, r G ® g * is the tangent bundle projection, 6 X is the potential one-form in 
Eqs.(120) and the diffeomorphism 

1 ^G© 0 * : 1 TT*G — » 1 t*T*G : (g, /i, £, u) —)•((?, /i, v + ad^fi, —£) (150) 


is a symplectic mapping satisfying the equality 

( ^ ODg *) 0 1 t*t*g = #1, (151) 


and 6it*t*g is the canonical one-form in Eq. (95). This structure may be presented 
as 


* 

l TT*G ^© 0 * 




1 t g®b* 


G(s)0* 



(152) 
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where ttg®b* ^ ie cotangent bundle projection. See [11] for explicit constructions 
and more on Tulczyjew’s construction for Lie groups. 

By freezing the group variable g in Eq.(150), we define the mapping 

: 0*© (0 x g*) ->• g*(S) (g* x g) : (p, f, v) ->■ (fi,u + ad\n , -f) . 


satisfying 

where, the Poisson bracket { , } 0 *©( 0 * X0 ) 011 th e left is given by Eq.(102) and 
the Poisson bracket { , }( 0 * X0 )© 0 » 011 the right is given by Eq.(124). The first is 
obtained by Poisson reduction of 1 x*T*G with the action of G whereas the latter 
is obtained by Poisson reduction of l TT*G with the action of G. This implies the 
reduction 

0*©(0 x g*)-—-- (g* x g)(Dg* (153) 

lT G©£|* 

0* 

of the special symplectic structure (152) with the action of G. Here, the projec¬ 
tions Tc®g* anc l are obtained from r G © 0 * and vr G © 0 * by freezing the group 

variable. 

Applications of symplectic reduction to G(S)g*, l TT*G and 1 T*T*G with the 
action of G at A G g* lead us to the reduced diagram 

Ga x g* x g-—- xg’xg (154) 

7r 

where the reduced symplectic diffeomorphism is given by 

Q s : O x x g* x g O x x g* x g : (Ad* g - iA, p, f) ->■ (Ad * g -1 A, p, -f) . 

Remark The symplectic manifolds l TT*G and lr p*T*G have further symmetries, 
for example given by the actions of g* and G(s)g*, but we cannot perform these 
reductions on the whole special symplectic structure (152) since the only symmetry 
that the base manifold G(S)g* has is G. 
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Remark We recall from [11] that, on 1 TT*G, there exists another special sym- 
plectic structure, given by five-tuple ( l TT*Gf Tir G , l T*TG, d 2 , 1 a G ). Here, d 2 is 
the potential one-form given by Eq. (121), 1 7Tg © 0 is the cotangent bundle projection, 
1 Tttg is the projection of l TT*G to its first and third entries, and 

l d G : l TT*G —>■ 1 T*TG : (g, /i, £, v) ->• (g, + ad[p, /i) 

is a symplectic mapping. Application of symplectic reduction to this special sym- 
plectic structure is not possible because the base manifold G(§)q is not symplectic. 
When obtaining reduction of the Tulczyjew’s triplet in [11], we have performed 
symplectic reductions on l TT*G and 1 T*TG and Lagrangian reduction to the base 

G®q. 

6.2 Lagrangian Dynamics 

Since it is a tangent bundle, we can study Lagrangian dynamics on L TT*G ~ 
(G(s)0i) (§) (02©03)- We define the variation of the base element (g,/i) G G(s)g]; 
by the tangent lift of right translation of the Lie algebra element ( r /, A) G g(§)0*, 
that is 

$ (9, d) = T {e ,o)R(g,ri (v, A) = (' T e R g rj , X + ad*/a ) . 

To obtain the reduced variational principle 5 (£, u) on the Lie algebra g2©03 we 
compute 

& {€, v) = j t (V, A) + [(£, v ), (v, A)]g© 0 * (155) 

= (v, A) + ([€,rj\,ad*u- ad^X) 

= (fl+ [^,ri],X +ad*u - ad*^ , 

for any (rj, X) G g(s)g*. Here, [ , ] 0 ® 0 * given by Eq.(155) stands for the Lie bracket 
on g(s)0* [11]. Assuming 8(£,v) = (5£,5i>) and 5(g,p) = ( Sg,5p ), we have the 
full set of variations 

Sg = T e R g rj , 8fi = X + ad* /i, 8£, — fj + [£, rj], 8v = X + ad*u — ad*^X (156) 
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for an arbitrary choice of ( 77 , A) £ 0 © 0 *- Note that, these variations are the image 
of the right invariant vector field generated by ^ 77 , A, 77 , A^ . 

Proposition For a given Lagrangian E on 1 TT*G, the extremals of the action 
integral are defined by the trivialized Euler-Lagrange equations 


d f5E\ 
dt ) 
d_ f 6E\ 
dt \5u ) 



— ad s E [r T adp 


5E 

— - — QjUjC 

Ofl 


5E 

5v 



ad*sE_v 

8u 


(157) 

(158) 


obtained by the variational principles in Eq.(156). 


6.2.1 Reductions 


Proposition The Euler-Poincare equations on the Lie algebra 02©03 are 


d_ f5E_ \ 
dt\5f) 



adsE v, 

Su 


d_ L5E_ \ 
dt \5v ) 



(159) 


When the Lagrangian density E in the trivialized Euler-Lagrange equations 
(158) is independent of the group variable g £ G, we arrive at the Euler-Lagrange 
equations on 0 *(S )(02 x 03 ). In addition, if the Lagrangian E depends only on 
fiber coordinates E = E(C,,u), we obtain the Euler-Poincare equations (159). 
If, moreover, E = E (£), the Euler-Poincare equations (14) on 0 2 results. This 
procedure is called the reduction by stages [ 6 , 16]. 

Alternatively, the Lagrangian density E in trivialized Euler-Lagrange equa¬ 
tions (158) can be independent of p £ 0 *, that is, E is invariant under the action 
of 0 i on l TT*G , then we have Euler-Lagrange equations on G(s )(02 x 03 ). When 
E = E (g,£), we have trivialized Euler-Lagrange equations on G(s) 0 2 . The follow¬ 
ing diagram summarizes the discussion. 
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(G(s)0*)(s)(g 2 (s)0*) 
EL in (161-162) 



{Q*i x 0 2 )©03 

EL in (165) 


(fl2©03) 
EP in (166) 

t 


G*©(02 X 03) 

EL in (163) 

© t 


canonical canonical canonical canonical 


immersion immersion l 


ersion immersion 


02 


G(§)Q2 


EP in (167) EL in (164) 


( 160 ) 




d /(LEA 
dt V / 



— ads^fi -f- cidt 

<5 /ia ^ 



— ad*sE_v (161) 

Su 


d /(LEA 
dt \Sv ) 


SE , SE , . 

— - ade— (162) 

0/1 Sv 



+ ad*£ 



d / SE 
dt \ <5/ 


ad 5 e ii; 

5u 


d /(LEA 
dt \Sv ) 


-ad^-jr— (163) 



— adsst 1 ddc 

<5/i 



ad se vi 

Sv 


d_ (6E\ 
dt \dis ) 


— -ad^ (165) 

0/1 OV 


d_ / SE\ 
dt\6£) 



,* d fSE\ ,8E 

adssv , — —— = -adc— (166) 

su dt \Sv J ov 


d (SE\ 


( SE\ 


177 =< 77 ( 167 ) 


dt \ Si; J 
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7 Summary, Discussions and Prospectives 


On the tangent bundle l TTG = (G(s) 0 i) (§) ( 02 ( 8 ) 03 )) the trivialized Euler-Lagrange 
equations are derived. The reduction of this dynamics under the actions of 
the subgroups G, 0 i, G(S) 0 i give the trivialized Euler-Lagrange equations on 
0 i© (02 x 0 3 ), G©( 0 2 x 0 3 ), 0 i© 0 3 , respectively. The reductions due to the 
actions of G©> 0 i and (G©) 0 i) (s) 0 2 result with Euler-Poincare equations on 0 2 ©03 
and 0 2 , respectively. All these are summarized in the diagram (51). 

For both of the cotangent bundles l T*TG = (G©) 0 i) (§) (02 x 0 3 ) and X T*T*G = 
( G © 0*)©(02 x 03 )) the Hamilton’s equations are written. The symplectic and 
Poisson reductions of l T*TG are performed under the actions of G, 0 i and G© 0 i 
and diagramed in (90). On 1 T*T*G, the reductions are performed under the 
actions of G, 0 * and G©) 0 j. For this we refer to the diagram in (115). 

On the Tulczyjew’s symplectic space 1 TT*G = (G©) 0 j) (§) ( 0 2 © 0 3 ) is a tangent 
bundle carrying Tulczyjew’s symplectic two-form. Both of the Hamilton’s and the 
Euler-Lagrange equations on l TT*G are computed. For the Hamilton’s equations, 
the symplectic and the Poisson reductions are performed with the actions of G, 0 j, 
02 ) G© 0 2 and G(S) 0 j, and summarized in the diagram (148). On the other hand, 
the Lagrangian reductions are performed with the subgroup actions G, 0 j, G(S) 0 j, 
G© ( 0 i x 02 )- For the Lagrangian reductions of l TT*G , we refer the diagram 
(160). 

After the Hamiltonian reductions of the Tulczyjew’s symplectic space L TT*G 
are achieved, the next question could be generalization of this to the symplectic 
reduction of tangent bundle of a symplectic manifold with the lifted symplectic 
structure. This may be the first step toward more general studies on the reduction 
of the special symplectic structures and the reduction of Tulczyjew’s triplet with 
configuration manifold Q. 
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